A k-tree is either a complete graph on k vertices or a graph obtained from a smaller k-tree by adjoining a new vertex together with k edges connecting it to a k-clique. We tried to determine the n-vertex k-trees with the first three largest signless Laplacian indices in [Linear Algebra Appl. 467 (2015) 136-148]. Our proofs were mainly based on Lemma 2.4 in the above paper, whereas Lemma 2.4 follows from the next lemma:
A k-tree is either a complete graph on k vertices or a graph obtained from a smaller k-tree by adjoining a new vertex together with k edges connecting it to a k-clique. We tried to determine the n-vertex k-trees with the first three largest signless Laplacian indices in [Linear Algebra Appl. 467 (2015) 136-148]. Our proofs were mainly based on Lemma 2.4 in the above paper, whereas Lemma 2.4 follows from the next lemma: (•) (Lemma 2.3 of [2] ) Let 0 < a i 1, 0 < b i 1 for 1 i k. Then 0. Hence, Lemma 2.3 is not correct, which implies that our method in [2] can not be used to determine the n-vertex k-trees with the first three largest signless Laplacian indices.
The text below give a new method to determine the n-vertex k-trees with the first three largest signless Laplacian indices.
Preliminaries
We only consider simple connected graphs G = (V G , E G ), where V G is the vertex set and E G is the edge set.
We call n = |V G | the order of G and m = |E G | the size of G. For positive integers n, k with n k, the k-star S k,n−k is depicted in Fig. 1 . Let G 1 be the graph obtained from S k,n−k by deleting the edge u 1 v k and adding an edge u 1 u 2 (see Fig. 1 ). For convenience, let T k n denote the set of all k-trees on n vertices. Let T k n be an n-vertex k-tree. Obviously,
be the set of all the k-simplicial vertices of T k n and we can easily have the following facts:
. . , v k ) be the number of (k + 1)-cliques which has the property P G (v 1 , v 2 , . . . , v k ) and set
Obviously, l(G) = n − k if and only if G ∼ = S k,n−k , whereas l(G) = n − k − 2 if and only if G ∼ = G 1 ; and there does not exist an n-vertex k-tree, say G, with l(G) = n − k − 1. Fig. 2 .
Fact 5. For graphs G 2 , G 3 , G 4 , G 5 (see Fig. 2 ), one has
Further on we will need the following lemma.
. Let u and v be two distinct vertices of a connected graph G. Suppose that w 1 , w 2 , . . . , w s (s 1) are neighbors of v but not u and they are all different from u. Let x = (x 1 , x 2 , . . . , x n ) T be the Perron vector of Q(G), and let G * be obtained from G by deleting the edges vw i and adding the edges uw i for i = 1, 2, . . . , s. If
Characterization of the k-trees with the first three largest signless Laplacian indices
In this section, we characterize the k-trees on n vertices having the maximal, second maximal and third maximal signless Laplacian indices.
is no less than k + 1 and S 1 (G − S 1 (G)) = ∅ by Facts 1 and 2. Let u be a vertex in S 1 (G − S 1 (G)) with
. . , v k , u} for any 1 j s by the definition of the k-tree. In order to complete the proof, it suffices to show the following two claims.
Proof of Claim 1. Without loss of generality, we assume
Suppose, without loss of generality, that x vi x vj . Let
Hence, we get
and
Proof of Claim 2. Without loss of generality, we assume
It is routine to check that G * is an n-vertex k-tree and
It is routine to check G * is an n-vertex k-tree and
This completes the proof of Claim 2.
Now we come back to the proof of Lemma 2.
, by Claim 2 our result holds. Otherwise, repeatedly using Claim 1 (at most (s − 1) times), one can finally get an n-vertex k-tree G ′′ with q 1 (G) < q 1 (G ′′ ) satisfying one of the following:
If (i) holds, then let G * ∼ = G ′′ , our lemma holds obviously. If (ii) holds, combining with Claim 2, we can get a k-tree G * on n vertices such that q 1 (G ′′ ) < q 1 (G * ) and
The following theorem follows immediately from Lemma 2.1.
Theorem 2.2. Let G be an n-vertex k-tree with n k + 1. Then q 1 (G) q 1 (S k,n−k ) and the equality holds if and only if G ∼ = S k,n−k , where S k,n−k is depicted in Fig. 1 .
Lemma 2.3. Let G be an n-vertex k-tree with n k + 1 and
Hence, s < n − k − 2. Let δ 1 , δ 2 , . . . , δ s be the (k + 1)-cliques satisfying the property P G (v 1 , v 2 , . . . , v k ) and
Note that |S 1 (G)| = n − k − 1 and s < n − k − 2. Hence, there exists a vertex r 1 ∈ {w 1 , w 2 , . . . , w s } such
Without loss of generality, we assume N G (r 1 ) = {v 2 , v 3 , . . . , v k+1 } and
. . , ∆ t be the (k + 1)-cliques satisfying the property
. . , v k+1 ) and r 1 , r 2 , . . . , r t be the vertices in these (k+1)-cliques different from v 2 , v 3 , . . . , v k+1 . Suppose that x = (x 1 , x 2 , . . . , x n ) T is the Perron vector of Q(G).
We have l(G * ) = |{w 1 , w 2 , . . . , w s , r 1 }| = l(G) + 1 and S 1 (G * ) = S 1 (G), as desired.
Then G * is in T k n and by Lemma 1.1, q 1 (G) < q 1 (G * ). Note that if t 2, then one may easily get v 1 ∈ S 1 (G * ). Now we consider that t = 1. In this case, as s + 1 < n − k − 1 = |S 1 (G)|, there exists a vertex
Hence, zv 1 ∈ E G and v 1 ∈ S 1 (G * ). Thus, l(G * ) = |{r 1 , r 2 , . . . , r t , w 1 , w 2 , . . . , w s−t+1 }| = s + 1 = l(G) + 1 and
The following theorem follows immediately from Lemmas 2.1 and 2.3.
with equality if and only if G ∼ = G 1 , where G 1 is depicted in Fig. 1 . Lemma 2.5. Let G be an n-vertex k-tree with n k + 1 and l(G) = n − k − 3. Then q 1 (G) q 1 (G 2 ) with equality if and only if G ∼ = G 2 , where G 2 is depicted in Fig. 2 .
Proof. As G is an n-vertex k-tree with l(G) = n − k − 3, by Fact 4, it suffices to show the next three claims.
Proof of Claim 1. Let x = (x 1 , x 2 , . . . , x n )
T be the Perron vector of Q(G 3 ). Put
By the same discussion as in the proof of Claim 1 as above, we can show the next claim, which is omitted.
Proof of Claim 3. Let x = (x 1 , x 2 , . . . , x n ) T be the Perron vector of Q(G 5 ). If
. By Lemma 1.1 and Claim 1, one has q 1 (G 5 ) < q 1 (G 3 ) < q 1 (G 2 ), as desired.
It is routine to check that G ′′ ∼ = G 3 . By Lemma 1.1 and Claim 1, one
By Claims 1-3, Lemma 2.5 holds.
Lemma 2.6. Let G be an n-vertex k tree with n k + 1 and
and one of the following holds:
In this case, one has s < n − k − 3. Let δ 1 , δ 2 , . . . , δ s be the (k + 1)-cliques satisfying the property P G (v 1 , v 2 , . . . , v k ) and w 1 , w 2 , . . . , w s be the vertices in these (k + 1)-cliques different from
Obviously, there exists a vertex r 1 in S 1 (G) such that v k+1 r 1 ∈ E G by the definitions of the k-tree and S 1 (G).
Assume, without loss of generality, that
. . , ∆ t be the (k + 1)-cliques satisfying the property P G (v 2 , v 3 , . . . , v k , v k+1 ) and r 1 , r 2 , . . . , r t be the vertices in these (
the Perron vector of Q(G).
We proceed by considering the following two possible subcases:
one can easily check that l(G * ) = l(G) + 1 and
Then G * is in T k n and by Lemma 1.1,
, we also get l(G * ) = l(G) + 1 and S 1 (G * ) = S 1 (G), our Lemma holds in this case.
In this case, we have s = l(G) = n − k − 4. Without loss of generality, we assume x v k+1 x v k+2 and let
Combining
However, noting that By Facts 4 and 5,
; hence by Lemma 2.5, our lemma holds in this case.
Without loss of generality, we assume that l(G) = l G (v 2 , v 3 , . . . , v k , v k+1 ) = s. Hence, s < n − k − 3. Let δ 1 , δ 2 , . . . , δ s be the (k + 1)-cliques satisfying the property P G (v 2 , v 3 , . . . , v k , v k+1 ) and w 1 , w 2 , . . . , w s be the vertices in these (k + 1)-cliques different from v 2 , v 3 , . . . , v k , v k+1 .
If l G (v 1 , v 2 , . . . , v k ) = 0, then by a similar discussion as in the proof of Case 1, one can show this lemma is true. Hence, we consider that l G (v 1 , v 2 , . . . , v k ) = 0. By the definitions of the k-tree and S 1 (G), it is routine to check that there exists a vertex r 1 in S 1 (G) such that v k+2 r 1 ∈ E G . Thus we have v k+1 r 1 ∈ E G and there exists only one vertex, say
By a similar discussion as in the proof of Case 1, one can show this lemma holds. In what follows we consider that
. . , ∆ t be the (k + 1)-cliques satisfying the property P G (v 1 , v 2 , . . . , v i−1 , v i+1 , . . . , v k , v k+2 ) and r 1 , r 2 , . . . , r t be the vertices in these
We proceed through the following two possible subcases.
By a similar discussion as in the proof of Case 1, one can find an n-vertex k-tree G * with l( 
Then G ′′ is in T k n and by Lemma 1.1 we have
On the other hand, we have
for all 0 t a and 1 j s − a. By a similar discussion as in the proof of Case 1, there exists an n-vertex
and either (2.1) or (2.2) holds. Hence, we have
This completes the proof.
and the equality holds if and only if G ∼ = G 2 , where G 2 is depicted in Fig. 2 .
Proof. Since G ≇ S k,n−k , G 1 , we have |S 1 (G)| n − k − 1 and l(G) n − k − 3. Note that |S 1 (G 1 )| = |S 1 (G 2 )| = n − k − 1; hence we proceed by considering the following possible cases. Case 1. |S 1 (G)| = n − k − 1. In this case, let G be in T k n \ {G 1 } with |S 1 (G)| = n − k − 1 such that q 1 (G) is as large as possible. By Lemma 2.3, we have l(G) = n − k − 3. By Facts 4 and 5 we have G ∼ = G 2 or G 4 . In view of Lemma 2.5, q 1 (G 4 ) < q 1 (G 2 ), one can easily get q 1 (G) q 1 (G 2 ) when G ∈ T k n \ {G 1 } and the equality holds if and only if G ∼ = G 2 .
Case 2. |S 1 (G)| = n − k − 2. In this case, by Fact 2 we obtain that G − S 1 (G) is a k-tree on k + 2 vertices, that is, G − S 1 (G) ∼ = S k,2 . Denote the vertex set of G − S 1 (G) by {v 1 , v 2 , . . . , v k+2 } with d G−S1(G) (v k+1 ) = d G−S1(G) (v k+2 ) = k. Obviously, v k+1 v k+2 ∈ E G and there exist vertices w 1 and r 1 in S 1 (G) such that v k+1 w 1 , v k+2 r 1 ∈ E G by the definitions of the k-tree and S 1 (G). Thus, N G (r 1 ) = N G (w 1 ). Hence, l(G) < |S 1 (G)| = n − k − 2, i.e., l(G) n − k − 3.
Let G be in T k n with |S 1 (G)| = n − k − 2 such that q 1 (G) is as large as possible. By Lemma 2.6, one has either l(G) = n − k − 3 or q 1 (G) < q 1 (G 2 ). However, if l(G) = n − k − 3, then combining with |S 1 (G)| = n − k − 2 and by Facts 4 and 5, we have G ∼ = G 3 or G 5 . By Lemma 2.5, q 1 (G 5 ) < q 1 (G 3 ) < q 1 (G 2 ). Hence, we obtain
Case 3. |S 1 (G)| n − k − 3. In this case, repeatedly using Lemma 3.1 yields a k-tree G ′ on n vertices such that q 1 (G) < q 1 (G ′ ) with |S 1 (G ′ )| = n − k − 2. However, in view of Case 2, we get q 1 (G ′ ) < q 1 (G 2 ). So,
if G is an n-vertex k-tree with |S 1 (G)| n − k − 3.
By Cases 1-3, Theorem 2.7 holds.
